The dynamical properties of a crystal for small vibrations can be described by the set of coefficients of the potential energy forming the dynamical matrix. The elastic constants and many other observable quantities can be calculated in terms of the elements of the dynamical matrix (but in general not vice versa). The formulae given in previous publications are based on too narrow assumptions (central forces). In the present paper (Part I) this theory is developed in the most general form, without any assumption about the nature of the atomic forces. It contains, further, the method for reducing the dynamical matrix with the help of the space group of the lattice.
Introduction
The purpose of this paper is the calculation of the thermal scattering of X-rays for a few special lattices. The general theory of this effect has been given by Waller (1925) and by several other physicists. A condensed presentation of this theory appeared in Reports on Progress in Physics (Born 1942-43) , which contains a biblio graphy of the subject and an account of its development. The main point of this Report is th at the scattering power of a crystal is not expressed in terms of the frequencies but directly in terms of the ' dynamical matrix ' of the lattice, which is defined as the system of the coefficients of the potential energy for small displace ments of the particles.
In the present paper we intend to calculate the scattering without assuming particular laws of force between the particles. The potential energy between the nuclei, defined as the lowest eigenvalue of the electronic energy for fixed nuclei in positions near to the regular spacing of the lattice, is assumed to be any arbitrary function of the displacements of the nuclei. All physical properties can be expressed in terms of this function and its derivatives. The vibrational properties depend in particular on the second derivatives which form the dynamical matrix. For practical purposes we shall make the single assumption th at the elements of this matrix are negligibly small except for next neighbours. Now in the existing literature, in particular the book Atomtheorie des festen Zustandes (Born 1923) , the dynamics of the lattice has not been developed in such a general way, but only under the assump tion of central forces. In an older book, Dynamilc der Kristallgitter (Born 1915) , an attem pt was made to work with the general potential energy restricted onty by the necessary invariance against translation and rotation; but the results obtained are not quite correct. Therefore it was necessary to reconsider the problem of deriving the macroscopic properties of a crystal from the potential energy function. The
[ 179 ] 12-2 general theory will be published later (in book form). Here we give only the con nexion of the elastic constants with the dynamical matrix and the equation for elastic waves. The present first part contains, further, the general symmetry considerations by which the dynamical matrix is simplified for a given special lattice. Application to some lattices will be treated in the second part.
Lattice dynamics
A short summary of the principal definitions, as used in the Report quoted above, is given first.
Let a l5 a 2, a3 be the three elementary vectors of the lattice cell, and r (k = 1, 2,...,%) the position vectors of the n particles (nuclei) in the cell. Then an arbitrary lattice vector shall be written
where r(l) = b a i + b a 2 + b a 3 are integers).
(1-2)
Let the rectangular components of be xa{^ = b 2, 3). We use these symbols also if the particles are a little displaced from their lattice positions; the latter are, if necessary, characterized by an index 0. The potential energy for a disturbed but still lattice-like state will be denoted by 0 which is a function of all the ' According to a well-known theorem of quantum mechanics (Born & Oppenheimer 1927) it is the lowest eigenvalue of the total electronic energy, if the nuclei are fixed in the positions Xa{k) •
The second derivatives of 0 in equilibrium which depe l and V separately) will be denoted by (1-4)
where mk is the mass of the particle of the type k.
The quantities represent the quasi-elastic forces between any point and a point of the base . In particular, the force of a point | on itself,
' °an determined from all the other forces, for if the whole lattice is subjected to a translation, ua(^j -const., = 0, then from (1-5) one obtains sMu) =°-°r (i-6 ) where a dash on the summation sign denotes th at the terms in which = 0, is to be omitted from the summation. Further identities of a similar kind follow from the fact th at the potential energy is invariant with respect to rotations. By applying an infinitesimal rotation one finds, after some calculation,
Thermal scattering of X-rays by crystals
One can get rid of the mass factor in (1-5) by introducing the reduced amplitudes and the coefficients f a , {^> <1>9)
Then the equations of motion are V (X {k) = ~M'DAW kk' ) ' considered as a function of the two index-triples (a, l, k) and (/?, k'),
is an element of the dynamical matrix, which can be decomposed into submatrices D(l -l'), where
Here each element is again a (3 x 3) matrix Hence, if r is a lattice-point r ( 1 ) ,i .e. X a = la (an integer), a reciprocal lattice, i.e. Qa -ha (an integer), then the scalar produ Hence e2ni<i.m = e 2 n i ( Q i ) js periodic in the reciprocal lattice. One can now construct the Fourier transform of the dynamical matrix, or its representation in reciprocal space. As shown in the (Born 1942-43) this matrix is diagonal with respect to the q or ( Qo ne h | kk') = <*(qq') A«/?(q I **')> (H8) where D.f(q \ kk') = = 2 e -w ® .
The quantities (1-19) will next be considered as elements of the matrix D(q), with the pairs The solution with VJJc) is convenient for introducing normal co-ordinates, but th at with WJlc) is more suitable for discussing the properties of the waves, particularly in the case of long wave-length.
Long waves
The equations of motion are written in the compact form The analysis th at follows has already been given by Born (1923) in another notation. Now consider the matrix C(q) as expanded in powers of the wave-number, thus
C(q) = C+C(q) + C(qL ) + ... ( 2-3) (°) (i)
where the elements of C are constant, those of q) linear in q, etc., namely,
If one now expands Q and IF in the same way, 
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Consider first the zero approximation (2-9). These equations must be satisfied for any translations of the crystal as a whole. There are three independent translations, namely, Ux or 0 or 0, o,
The corresponding WJJc) are obtained from (1*21) for to -0 and q = 0 ; hence the equations (2*9) have three sets of trivial solutions 
\ u j
Consider next the first-order equation (2*10), and write it in the form (0)(1) (1) (1) CW = QMU-C(q (2-17) (0) (1) (1) Since the homogeneous equations CW = 0 have a so where U' is an arbitrary one-column matrix like U in (2-16), the equations (2-17) are only solvable if QMMU-ttCiq) MU = 0, (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) (18) where M is the transpose of the matrix M. Now from (2-5), together with (1*6), it follows, by writing out the elements, th at W can now be eliminated between the two equations (2-22) and (2-24); the term witĥ (0) (2) U' vanishes because of (2-19) and the term MC(q) W because of (1-6); hence (2) _ _ (2) (1) (0)(1) QMMU -M{C(q)-C(q)rC(q)}MU.
MC(q)M

Hence
(2*25)
As the expression in brackets is of the second order in the components of q, the explicit expression of (2-25) has the form
where p 2 mk is the density, va being the volume of the unit cell. By introducing VO L k
the values of C(q) and C(q) from (2-5) and (2-6), one gets the expression for the coefficient in (2-26)
{ a K M = r -',{kM 9> f{ k^) x'{ki h ) *"(**')} ( 2 ' 2 7 )
From this there follow, using (1*7), the symmetry properties {aA, fi/i) = {aA, ///?} = (A a, fi/i} = {fi/i, aA}.
One can now compare (2*26) with the equation for the amplitudes of elastic waves in ordinary elasticity theory. They have exactly the same form, where {aA, fi/i} are the elastic constants. In virtue of the identities (2*28) one can introduce Voigt's notation, replacing the index combinations The results may be summarized in the following recipe for determining the limiting case of long waves:
Establish (2-21) and (2*24) for a given lattice. W ritten in component form they are
2 mkQ l 7. = S S V"** 1 " ') 1 W + k kk ft kk
Then eliminate W. The result has the form of (2*29) and allows the elastic constants to be read off in terms of combinations of the elements of the dynamical matrix. This method shall be used in P art II for special lattices.
Symmetry of the lattice
In order to find the relations th at exist between the elements of the dynamical matrix, all those symmetry operations have to be applied to the lattice which will bring it into self-coincidence. The number and nature of these operations are described by the space group of the lattice. They comprise rotations, reflexions, glide planes and combinations of these. (Translations by multiples of the base vectors have already been taken into account by assuming th a t the dynamical matrix D only depends on the combination l -V, and not on l and l' Consider the rectangular system of axes in which a point of space has the co ordinates xx (a -1, 2,3) . Let a transformation T act on these axes so th at they take up a new position, and in this transformed system let the point have the co-ordinates xA (A = 1, 2, 3). Then relations will hold of the form
The coefficients TxA depend on the particular transformation chosen. If th xa is taken to be a point of the lattice then (3-1) becomes (3-2)
Let T now be a symmetry operation of the lattice, then it will be possible to find a point of the lattice , say, such th at
A combination of (3-2) and (3*3) gives -g ) -s r^( * ) . (3-6) (3-7)
Hence D^K K ' ) = Tt* D* > ( w ) ' (3' 8) or, in matrix notation, (3) (4) (5) (6) (7) (8) (9) where T is the transpose of the matrix T, and the change from to and from ( ! ') (l£') *S °^^ne<^ from (3*4) or (3-5).
The space group of a given lattice has a base from which all group elements can be obtained by composition. Let Tx, T2, ... be the matr If these are introduced in (3-9) one obtains a set of matrix equations from which identities between the elements of the dynamical matrix can be read off.
In P art I I these identities will be constructed for special lattices.
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